1

Multibody Dynamic Modeling and Control of an
Unmanned Aerial Vehicle under Non-Holonomic
Constraints
Eric Lanteigne and Joshua O’Reilly

Abstract—This paper presents the application of the
Boltzmann-Hamel equations to the modeling of a multibody
lighter-than-air vehicle. The vehicle is composed of a lifting gas
envelope and movable gondola for performing rapid descent
maneuvers. The vehicle pitch is primarily controlled by the
position of the gondola on the keel of the envelope. The pitch
control law was treated as a non-holonomic constraint applied to
the system dynamics. The derivation of the equations of motion
are presented for a simplified case, and the effectiveness and performance are demonstrated through numerical simulations using
theoretical and experimental aerodynamic model parameters.

I. I NTRODUCTION
Unmanned aerial vehicles (UAV) are complex aeronautical
systems that are rapidly replacing manned aircraft missions
and creating new opportunities where air-, space- and groundbased sensors cannot reach. In recent years, commercialization
of fixed-wing and rotor-based unmanned aircraft has gained
significant traction as governments develop regulatory frameworks and industry invests in new markets. For these reasons,
the challenges associated with the dynamics, control, planning,
task allocation, and detection of UAVs, amongst others, have
received much attention. While model-free techniques such
as reinforcement learning have been applied to the control of
flight-tested non-linear aerial vehicles [1], the development of
a dynamic model remains a valuable tool in the creation and
verification of the controller and autopilot behavior.
In classical mechanics, the two fundamental methods for
developing dynamic models of mechanical systems are the
Lagrangian and Newton-Euler mechanics. The former involves
kinetic and potential energies whereas the later involves the
combination of translational and rotational dynamics using Euler’s laws of rigid body motion about the center of gravity. As
an example, the procedure to obtained the dynamic equations
for a quad-rotor vehicle using either methods is demonstrated
in [2] and the results are identical.
The dynamic equations of aerial and underwater vehicles
have traditionally been developed using the Newton-Euler
mechanics [3], [4]. The resulting six degree-of-freedom model
is typically expressed as the sum of the lumped inertia matrix,
centrifugal and Coriolis matrix, damping matrix, and gravitational and buoyancy vectors. These models have been studies
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extensively in recent years owing a resurgence in lighter-thanair (LTA) vehicle interest and, as a consequence, numerous
control strategies for this model have been explored [5]–[8].
These models are relatively simple to construct under the
assumption that the center of gravity remains constant [9],
or the vehicle remains neutrally buoyant [10], or for vehicles
with few degrees of freedom. For higher order systems, such as
aircraft with retractable landing gear or where rotor dynamics
are taken into account, multibody dynamic equations have
been constructed using the Jourdain principle of virtual power
[11].
The renewed interest in LTAs is fueled by two main
potential application gaps: heavy lift transport to remote locations, and high endurance aerial monitoring. With respect
to the latter, a reconfigurable unmanned airship comprised of
a helium envelope with a moving gondola at its keel was
modeled and simulated [12]. The key attribute of this vehicle is
the ability to perform rapid descent manoeuvres, an important
consideration for recovering unmanned LTAs. The dynamic
model was based on the typical Euler-Lagrange formulation
and neglected the gondola dynamics. As a consequence, large
oscillatory motions were observed during flight tests [13]. To
improve the flight dynamics, a multi-body dynamic model
using the Boltzmann-Hamel equations was developed using
quasi-velocities of the vehicle, where quasi-velocities are defined as being relative to a configuration-dependent reference
frame. Furthermore, a control law guiding the gondola motion
was incorporated into the model as a non-holonomic constraint
superimposed on the equations of motion of the vehicle [14].
Non-holonomic constraints are non-integrable constraints on
the motion and/or non-integrable quasi-velocities which, when
using the classical form of Lagrange’s equations, require the
inclusion of Lagrange multipliers to account for reaction forces
of the non-holonomic constraints [15], [16]. The BoltzmannHamel equations can be applied to dynamic systems with nonholonomic constraints and/or quasi-velocities directly. When
control strategies are formulated as non-holonomic constraints
on the quasi-velocities, it is possible to integrate tracking
directly in the dynamic model.
This paper provides details on the derivation of the individual terms of the Boltzmann-Hamel equation for the
reconfigurable airship and the gondola position controller. The
vehicle model was restricted to planar motions to facilitated
and simplify the presentation of the method. The remainder of
this paper is organised as follows. First, the dynamic model of
the airship using the Boltzmann-Hamel equations is developed.
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The simulation setup and results are then presented. Finally,
conclusions are reached as to the effectiveness of the proposed
method.
II. DYNAMIC M ODEL
A. Kinematics
A schematic of the multi-body reconfigurable blimp is
shown in Figure 1. It is composed of a helium envelope of
mass m1 = menvelope + mrail + mhelium and a movable
gondola of mass m2 which supports the longitudinal and
lateral thrusters, the gondola position controller, the autopilot,
and the batteries. The body reference frame is fixed to the
center of volume (CV) which is assumed to be coincident
with the envelope center of gravity (CGe ) located at m1 .

(3)

m1~r1 + m2~r2 = 0

where r~1 is the vector from the vehicle CGv to the envelope
CGe , r~2 is the vector from the vehicle CGv to the gondola CGg ,
and ` is the distance from the envelope CGe to the gondola
CGg along Zb . From (2) and (3), the following relations can
be obtained:
  

r1x
−k2 (` sin θ + sg cos θ)
=
(4)
r2x
k1 (` sin θ + sg cos θ)
  

r1z
k2 (` cos θ − sg sin θ)
=
(5)
r2z
−k1 (` cos θ − sg sin θ)
where k2 = m2 /mv and k1 = m1 /mv .
B. Kinetic Energy
The kinetic energy of the envelope can be expressed in three
parts: the contribution of the relative motion between m1 and
the vehicle CGv , the contribution of the velocity with respect to
the inertial reference frame, and the rotational kinetic energy:
1
1
1
m1~r˙1T ~r˙1 + m1~r˙ T ~r˙ + J1 θ̇2
(6)
2
2
2
where J1 = Jenvelope + Jrail + Jhelium are the moments
of inertia of the main components of the helium envelope,
and ~r is the vector from the origin to the vehicle CG in the
inertial reference frame. In the longitudinal plane, the gondola
is treated as a point mass with m2 and its kinetic energy is
simply expressed as
T1 =

1
1
m2~r˙2T ~r˙2 + m2~r˙ T ~r˙
(7)
2
2
The total kinetic energy T (~q˙, ~q, t), expressed in the generalized coordinates, is then given by


1
mv I2 02 ˙
T = T1 + T2 = ~q˙ T
~q
(8)
02
BCG
2
T2 =

Fig. 1. Reconfigurable blimp model and coordinate system

To simplify the development and presentation of the multibody dynamic model, the lateral motion, yaw and roll rotations
are neglected, reducing to a two dimensional system. The
generalized coordinates expressed in the inertial reference
frame [Xi Zi ] as

~q = x

z

θ

sg



(1)

where x is the displacement along Xi , z is the displacement
along Zi , θ is the pitch (with θ = 0o indicating level flight),
and sg is the gondola displacement along the rail. The gondola
position sg = 0 m indicates that the gondola CGg intersects
the vertical axis Zb of the CV. Airships are typically modelled
in the body reference frame [Xb Zb ] fixed to the CV, as
the aerodynamic forces generated by the lifting gas envelope
are significant and modelled about this point. Since airships
operate at a specific neutrally buoyant altitude zref , the altitude
of the vehicle CGv , located at the total mass of the vehicle
mv = m1 + m2 , can further be defined as z = ∆z + zref .
The coordinates of the helium envelope and gondola with
respect to the vehicle CG in the inertial reference frame are
obtained by solving the following two vector equations:




sin θ
cos θ
~r1 + `
+ sg
= ~r2
(2)
− cos θ
sin θ

where I2 is the 2 × 2 identity matrix and


J1 + k1 m2 (`2 + s2g ) k1 m2 `
BCG =
k1 m 2 `
k 1 m2

(9)

is symmetric and positive definite matrix of the kinetic energy
of the vehicle relative to its CGv [17].
C. Potential Energy
The potential energy of the vehicle less the potential energy
of the displaced air is given by
U = g (m1 − mair )(z + r1z ) + m2 (z + r2z )



(10)

The intended maximum operating altitude of the blimp is
122 m (400 ft) as per the Canadian Aviation Regulations on
small remotely piloted systems [18]. For low altitude flights
and for the purpose of evaluating the model, the following
assumptions were made:
1) The envelop is rigid with a constant volume V1 .
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2) The atmospheric temperature is 20◦ C.
3) The change in air density was approximated by ∆ρ =
−1.31e−4 kg/m4 .
For a given altitude z, ρair can be approximated by
ρair = ρref − ∆ρ∆z

(11)

where ρref is the air density at zref . At this reference altitude,
mair = ρref V1 = mv and the following expression describes
the relation between mair and mv :
mair =

ρref − ∆ρ∆z
mv
ρref − ∆ρzref

(12)

III. B OLTZMANN -H AMEL D IFFERENTIAL DYNAMIC
M ODEL
The direct application of the Lagrangian approach does not
produce correct equations of motion if the kinetic energy
is expressed in terms of quasi-velocities rather than true
velocities [19]. This is typically the case for UAVs, where the
angular velocities are expressed in the body reference frame.
A. Quasi-Velocities
In an unconstrained system such as single-body UAVs, the
relation between quasi-velocities and the derivatives of the
generalized coordinates is of the form
uj =

n
X

Ψji (q, t)q̇i + Ψjt (q, t) j = 1, . . . , n

(13)

i=1

where n is the number of degrees of freedom of the system
[16]. Furthermore, with Ψji = Φ−1
ij and Ψjt = Φit , the
following inverse relation can be obtained:
q̇i =

m
X

Φij (q, t)uj + Φ(q, t)ij

(14)

j=1

For a system with m non-linear time-dependent rheonomic
constraints, the last m quasi-velocities are chosen such that
constraints result in uj = 0. This can be expresses as
uj =

n
X

aircraft can be formulated using constraints on the quasivelocities. Therefore, pitch q3 was linked to the gondola
position q4 in the form of a non-holonomic constraint on the
system. For the present vehicle, a PI controller was selected
for the gondola position.
Z
sg = kp (θ − θd ) + ki (θ − θd )dt
(19)
The forth quasi-velocity u4 can then be obtained by taking
the time derivative of (19) and converting the result into a
non-linear constraint.
u4 = kp θ̇ − ṡg + (−kp θ̇d + ki θ − ki θd ) = 0

This results in the following coefficient matrices:


cos q3
sin q3
0
0
 sin q3 − cos q3 0
0

Ψji (q, t) = 
 0
0
1
0
0
0
kp −1


0


0

Ψjt (q, t) = 


0
−kp θ̇d + ki θ − ki θd

(20)

(21)

(22)

The generalized form of the Boltzmann-Hamel equation
representing the minimum number n − m of first-order dynamic equations for a system with rheonomic constraints is
given by
n
n n−m
X
X
X ∂L j
∂L
d ∂L
(
)−
Φir +
γ ul
dt ∂ur
∂qi
∂uj rl
i=1
j=1
l=1

n
X
∂L j
+
γ = Fr
∂uj r
j=1

(23)

r = 1, . . . , n − m

where n is the configuration space and m is the number of
j
non-holonomic constraints.The Hamel coefficients γrl
and γrj
associated with rheonomic constraints are defined as

n X
n 
X
∂Ψjk
∂Ψji
j
γrl (q, t) =
−
Φkl Φir
(24)
∂qk
∂qi
i=1
k=1

Ψji (q, t)q̇i + Ψjt (q, t) = 0

i=1

(15)

j = n − m + 1, . . . , n

For the airship shown in Figure 1, the quasi-velocities
u1−3 in the longitudinal plane are the velocities in the bodyreference frame. These are given by
u1 = ẋ cos θ + ż sin θ

(16)

u2 = −ẋ sin θ + ż cos θ

(17)

u3 = θ̇

(18)

The airship pitch θ has show strong dependence on the
gondola position sg whereas the longitudinal velocity u1 is
mainly affected by the thrust Ft [20]. Moreover, research
presented in [14] has shown that the controller of an unmanned

γrj (q, t)

n X
n 
X
∂Ψji


∂Ψjk
=
−
Φkt Φir
∂qk
∂qi
i=1 k=1

n 
X
∂Ψji
∂Ψjt
+
−
Φir
∂t
∂qi
i=1

(25)

While the Boltzmann-Hamel equation and quasi-velocities
were presented for rheonomic constraints, the gondola controller (19) is a scleronomic constraint since the controller
gains ki,p are time-invariant. Therefore, the time derivatives
∂Ψji /∂t in γrj are all equal to zero. The remainder of the
terms in (24) and (25) are simply the derivatives of (21) and
(22) with respect to each generalized coordinate.
The Lagrangian is composed of the unconstrained kinetic and potential energies expressed in terms of the quasivelocities L(~u, ~q, t). Therefore, the kinetic energy (8) must be
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converted to quasi-coordinates. It is also important to note that
all n partial derivatives of the Lagrangian with respect to the
quasi-velocities ∂L/∂uj in (23) must be computed before the
last m quasi-velocities are set to zero (u4 = 0 in the case of
the present example). Similarly, F~ , the vector of applied forces
and torques, is expressed in terms of quasi velocities. If the
external forces are formulated according to the generalized
coordinates, the individual terms Fr can be obtained with the
following transformation:
Fr =

n
X

(26)

Qi Φir

Dryden wind
model

θd

Multi-body airship
dynamic model

Constraint

~u_ R

~u
Φ

~q_ R ~q

θ

s_ g R

Fig. 2. Guidance control loop flowchart

i=1

where Qi is the applied force or torque associated with the
generalized coordinate qi , expressed in terms of generalised
coordinates ~q. For aircraft in general, the applied forces and
torques are typically functions of the propeller thrust and the
aerodynamic lift and drag. Since these forces are generally
already described in terms of quasi velocities, they can be
applied to (23) directly. The unmanned airship described in
this paper has two forward-facing thrusters located on the port
and starboard sides at zt above the gondola center of gravity. In
the longitudinal plane, the thrust generated by each propeller
Fp is assumed to be equal. The total thrust Ft = 2Fp produces
the following vector of applied forces and torques about the
vehicle CG:

T~ = Ft 1

0

`(1 − k2 ) − zt

T
0

(27)

The aerodynamic forces and torques of airships are typically
described in the body reference frame [Xb Zb ] fixed to the
CV, as the helium envelop area is significantly larger than
the gondola. Since the dynamic model is defined about the
vehicle CGv , the longitudinal and vertical forces contribute to
the aerodynamic moment according to



1
0
0 Ax b
~= 0
1
0  Azb  .
A
(28)
−k2 ` −k2 sg 1
Aθ
where Axb ,zb ,θ are the aerodynamic forces about the CV. In
the body reference frame, these forces are dependent on the
angle of attack, the dynamic pressure and the drag coefficients
[4]. A comprehensive method for obtaining the aerodynamic
properties for small LTA vehicles is described in [21]. The
applied forces and torques vector described in terms of quasi~ T 0]T .
velocities is then obtained from F~ = T~ − [A
IV. S IMULATION AND R ESULTS
Pitch trajectory tracking was performed to evaluate the
effectiveness of treating the gondola position controller as a
nonlinear constraint on the dynamic model. The flowchart of
the simulation is shown in Figure 2.
The airship physical parameters used in the simulator
are based on measurements of the prototype vehicle when
available or estimated from literature; these are listed in
Table I. The mass and inertia of the rail was assumed to be
negligible compared to the helium envelop and was neglected

TABLE I
A IRSHIP PARAMETERS
m1
`

2.2 kg
1.11 m

m2
zt

5.4 kg
0.27 m

J1
zref

2.73 kgm2
180 m

in the simulations. The gondola is equipped with two forwardfacing 11 inch propellers. According to previous works,
the motor/propeller combination was capable of producing a
combined maximum static thrust of 5.2 N and a combined
maximum dynamic thrust of 3.2 N at a forward velocity
of 4 m/s [22]. Tracking data was recorded for 200 s at a
constant thrust input. For the purpose of demonstrating the
controller, the motor and propeller dynamics and velocity
induced thrust reduction were neglected. This assumption was
deemed reasonable since in most cases the vehicle reached
its steady state velocity in under 10 s. Simulations were
performed for three thrust levels from Ft = 1 to 3 N, resulting
in approximate average velocities of 2.0, 3.5, and 4.0 m/s
respectively. Moreover, the gondola speed ṡg was limited
to 0.1 m/s as this is the maximum speed measured on the
prototype airship.
The model and controller were simulated for 0 < kp <
1 and 0 < ki < 2 values for sinusoidal and step reference
pitch trajectories of ±30◦ and 100 s periods, and average wind
speeds of 0.35 and 0.70 m/s. Figure 3 illustrates the general
effects of the controller gains on the root mean square error of
the tracking for a step reference pitch trajectory. Higher values
of ki and lower values kp provide stable tracking performance.
The tracking results are presented for the more aggressive
case of Ft = 3 N with an average lateral wind speed of
0.7 m/s in Figures 4 to 7. The airship exhibits a tracking
error of approximately 1.8o for a 30o sinusoidal reference pitch
trajectory and 0.5o for a 30o step reference pitch trajectory
once the tracking angle is reached. The differences between
the minimum and maximum values of sg in the step reference
trajectory is mainly attributed to the constant positive torque
produced by the thrusters T (3) in (27). This torque is negated
by maintaining a slightly forward gondola position. In addition
to the thruster-generated torque, the vehicle was subjected to
random vertical wind component which, during the 50 to 100 s
time period, was substantially lower than the average wind
speed of 0 m/s specified in the Dryden model. The vertical and
angular wind components are shown in Figure 8. This further
reduced the rearward gondola position required to maintain a

5

θ - θd (degrees)

50

0

−50

0

50

100
time (s)

150

200

Fig. 6. Tracking error for sine (red) and square (blue) control signals
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Fig. 7. Gondola position sg for sine (red) and square (blue) control signals

Fig. 4. Vehicle pitch angle (red) and reference pitch angle (blue) for sine
control signal

·10−2

o

positive 20 pitch angle.
The oscillatory behaviour of the gondola velocity ṡg observed in Figure 9 is a consequence of the low theoretical aerodynamic damping moment computed using the methodology
developed for larger airships [21], [23]. Preliminary tests on
the prototype airship indicate a larger aerodynamic damping
moment, therefore variations in ṡg are expected to be lower.
An experimental evaluation of the aerodynamic terms will be
conducted using the methodology similar to that presented in
[24] once the prototype is completed.

Wind in z (rad)
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1
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−0.2
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100
time (s)

150

Wind in θ (rad)

θ (degrees)

Fig. 3. Root mean square error of the pitch tracking for a step reference pitch
trajectory with Ft = 3 N and Vwind = 0.35 m/s. Similar trends were observed
at lower thrust levels and higher wind speeds.
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Fig. 8. Vertical and angular wind components
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Fig. 5. Vehicle pitch angle (red) and reference pitch angle (blue) for square
control signal
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Fig. 9. Gondola velocity ṡg for sine (red) and square (blue) control signals
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V. C ONCLUSIONS
This paper describes the development of the dynamic model
of a multibody unmanned aerial vehicle using the BoltzmannHamel equations with a guidance law formulated as a nonholonomic constraint. The simulation results demonstrate that
the vehicle is capable of tracking multiple trajectories with
low error under a wide range of gain parameters. While only a
simplified version of the model is presented, the methodology
described in this paper can easily be applied to the full
dynamic model of the airship or any other multi-body aerial
vehicle. Moreover, the guidance laws can be formulated to
account for additional bodies and non-holonomic constraints.
R EFERENCES
[1] M. Abouheaf and W. Gueaieb, “Online model-free controller for flexible
wing aircraft: a policy iteration-based reinforcement learning approach,”
International Journal of Intelligent Robotics and Applications, Oct 2019.
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